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Abstract 

We consider the classical and local thermodynamic stability of non- and near-extremal 
Dp-branes smeared on a transverse direction. These two types of stability are connected 
through the correlated stability conjecture for which we give a proof in this specific class 
of branes. The proof is analogous to that of Reall for unsmeared branes, and includes 
the construction of an appropriate two-parameter off-shell family of smeared Dp-brane 
backgrounds. We use the boost/U-duality map from neutral black strings to smeared black 
branes to explicitly demonstrate that non-and near-extremal smeared branes are classically 
unstable, confirming the validity of the conjecture. For near-extremal smeared branes 
in particular, we show that a natural definition of the grand canonical ensemble exists 
in which these branes are thermodynamically unstable, in accord with the conjecture. 
Moreover, we examine the connection between the unstable Gregory-Laflamme mode of 
charged branes and the marginal modes of extremal branes. Some features of T-duality 
and implications for the finite temperature dual gauge theories are also discussed. 
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1 Introduction 

The gauge/gravity correspondence implies a deep connection between the thermody- 
namics of near-horizon brane backgrounds and that of the dual non- gravitational theories. 
In particular, this suggests that the gauge theory dual of a classically unstable brane back- 
ground must have a corresponding phase transition. This hints at an interesting connection 
between the classical stability of brane backgrounds and the thermodynamic stability of 
the dual non- gravitational theories, and thereby to the thermodynamic stability of the 
brane backgrounds themselves. 

Gregory and Laflamme [21 IS] were the first to study the classical stability of neutral 
black strings, as well as certain charged branes. They showed that neutral black strings 
are unstable under perturbations that oscillate in the direction in which the string extends, 
provided that the wavelength of the perturbation is larger than the order of the horizon 
radius. When the extended direction is compactified on a circle, this means in particular 
that for masses below/above a critical mass the black string is unstable/stable. Already in 
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this original work, a global thermodynamic argument for the instability was given, namely 
that for small masses the entropy of a localized black hole is higher than that of the black 
string with the same mass, suggesting a possible endpoint for the decay of the black string 
in that case. 1 

This deep connection between classical and thermodynamic stability of brane solutions 
was recently made more precise with a conjecture formulated by Gubser and Mitra 0IE]- 
The conjecture, referred to as the Correlated Stability Conjecture (CSC), states that 
for systems with translational symmetry and infinite extent, a Gregory-Laflamme (GL) 
instability arises precisely when the system has a local thermodynamic instability. In 
further detail, local thermodynamic stability is defined here as positive-definiteness of 
the Hessian matrix of second derivatives of the mass with respect to the entropy and any 
charges that can be redistributed over the direction in which the GL instability is supposed 
to occur. Thus, the CSC relates a local thermodynamic instability to a perturbative 
dynamical instability. The latter is the classical gravitational instability arising from 
perturbations of the brane background. 

For magnetically charged Dp-brane solutions in String/M-theory, a semi-classical proof 
of the CSC was given by Reall [H] using the Euclidean path integral formulation of gravity. 2 
A key ingredient in this proof is the relation between the threshold mode of the classical 
instability and a Euclidean negative mode in the semi-classical path integral. In this way, 
for this class of branes it was shown that a classical instability appears precisely when the 
specific heat becomes negative. The CSC has also been considered and confirmed recently 
in more complicated settings involving bound states of branes |15( I16| I17j . A class of 
counter-examples in a different setting appeared very recently in |18j . Further comments 
related to these examples can be found in Section |31 

Another interesting class of branes is that of smeared Dp-branes. Here, we call an 
electrically charged brane smeared if it has a direction with translational symmetry along 
which the brane is not charged. For magnetically charged branes we follow the oppo- 
site convention. When compactified on the isometric direction, a smeared Dp-brane is 
related by T-duality to a D(p + l)-brane wrapping the T-dual circle. In particular, the 
near-extremal limit of the latter has a dual description in terms of a (p + l)-dimensional 
supersymmetric Yang-Mills (SYM) theory compactified on a circle. Thus, the issue of 
stability of smeared black branes has non-trivial implications for the stability of the dual 
SYM theories on MP~ 2 x T 2 , where the torus consists of the compact spatial world volume 
direction and the Euclidean time direction. 

Moreover, there is an interesting connection between neutral black strings and smeared 

Dp-branes. Building on the original observation of Ref. ^Hl> it was shown in ,2U| (see also 

[^[2211113) that the phases of Kaluza-Klein black holes (see the reviews 011)1121]) can be 

1 The viewpoint that an unstable uniform black string decays to a localized black hole has been challenged 
in |lj (in this connection see also the discussion in the reviews 

2 See also |10|. See furthermore |11II12|[T^1|14| for work on the classical stability of charged branes. 
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mapped onto phases of non- and near-extremal Dp-branes with a circle in their transverse 
space. The map is a sequence of boost and U-duality transformations, and includes as a 
special case the map of neutral black strings to non- and near-extremal Dp-branes that 
are uniformly smeared on a transverse circle. 

For neutral black strings wrapped on a circle a new static phase of non-uniform strings 
[23 IMl E3 EH] is known to emerge at the GL transition point, where the unstable mode 
is at threshold. In Refs. [221 [2UJ it was observed that the GL point is mapped onto a 
critical mass/energy for non-/near-extremal branes, where a new phase of non- and near- 
extremal branes, non-uniformly distributed on the circle, emerges. This picture strongly 
suggests that non- and near-extremal smeared branes exhibit classical instabilities. In 
particular, the threshold mode of the black string is mapped directly onto the threshold 
mode of non- and near-extremal smeared black Dp-branes. More generally, it is natural 
to expect that the (time-dependent) unstable mode can also be obtained from the neutral 
GL unstable mode by a suitable generalization of the boost/U-duality map |22j . 

The aim of this paper is to study the classical stability and CSC for non- and near- 
extremal smeared branes in detail. 3 Our analysis will show in a quantitative way how the 
presence of charge affects the GL instability of neutral black strings, and what happens 
when we take the near-extremal limit. An important tool that we use is the boost/U- 
duality map mentioned above. In this work we restrict ourselves to smeared Dp-branes of 
type II string theory, but the other 1/2-BPS branes can be treated similarly. 

The main points of this paper can be summarized as follows: 

• We argue that when applying the CSC to smeared branes one should consider ther- 
modynamic stability in the grand canonical ensemble since the charge can redis- 
tribute itself in the direction in which the brane is smeared. Non-extremal smeared 
branes are thermodynamically unstable in this ensemble and according to the CSC 
these branes should have a classical instability. The choice of ensemble is indepen- 
dent of whether the brane is electrically or magnetically charged. 

• We give a proof of the CSC for smeared branes. One of the essential elements is the 
explicit construction of an appropriate off-shell two-parameter family of Euclidean 
backgrounds connected to these branes. 

• Following Ref . J22I , we give an explicit construction of the GL unstable mode for non- 
extremal smeared branes. More specifically, we map the time-dependent unstable 
GL mode of neutral black strings to a time-dependent unstable mode of non-extremal 
smeared branes. This confirms the validity of the CSC for non-extremal smeared 
branes. 

3 Our brane solutions do not include Kaluza-Klein bubbles. The classical stability of another class of 
smeared branes, involving bubbles, has been considered in Ref. |29) . For solutions involving branes and 
bubbles, see also |3(J|. 
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• We present a detailed analysis of the near-extremal limit and the validity of the CSC 
in this case. We show explicitly that the near-extremal limit of the unstable GL 
mode of non-extremal smeared branes is well-defined and hence that near-extremal 
smeared branes are classically unstable. According to the CSC this means that 
near-extremal smeared branes are thermodynamically unstable in the grand canon- 
ical ensemble. Nevertheless, it seems that in the near-extremal limit the charge 
cannot vary anymore, and it is not a priori obvious how to define a grand canoni- 
cal ensemble for these branes. We show, however, that a natural definition of such 
an ensemble exists. This implies a new version of the first law of thermodynamics 
for near-extremal smeared branes, involving a rescaled chemical potential. In this 
near-extremal grand canonical ensemble, the near-extremal smeared branes are ther- 
modynamically unstable. In this way, we resolve an apparent puzzle, showing that 
the CSC is also correct for near-extremal branes. 

• We examine the connection between the GL mode for charged branes and marginal 
modes for extremal smeared branes. We show that in the extremal limit the GL mode 
of near-extremal smeared branes precisely becomes the marginal mode of extremal 
smeared branes. As a consequence of this fact the extremal smeared branes are in a 
sense arbitrarily close to being unstable. 

• We discuss various issues related to T-duality on smeared Dp-branes and the prop- 
erties of the dual gauge theories. 

The outline of this paper is as follows. We start in Section |2 by reviewing how non- 
and near-extremal smeared Dp-branes of type II string theory can be obtained from the 
neutral black string solutions using the boost/U-duality map. We also review the main 
results on the thermodynamics of these branes, which we will need when considering the 
CSC. 

In Section^ we will review the CSC and discuss the criteria that determine the choice 
of thermodynamic ensemble. Then following the arguments of Reall jH], we present a proof 
of the CSC for smeared branes. Some of the subtle issues that are not fully resolved will 
be discussed as well. We also comment on the general proof of the CSC and the validity 
of the CSC in the presence of compact directions. 

We continue in Section|3]by showing that, with a suitable generalization of the boost/U- 
duality transformation reviewed in Section we can map the GL unstable mode of the 
neutral black string to a time-dependent unstable mode for non-extremal smeared branes. 
This map relies on an argument first noticed in Ref. We then take the near-extremal 
limit of this and show that it gives a well-defined unstable mode for near-extremal smeared 
branes. As a consequence we conclude that the latter are also classically unstable. 

In Section |S] we consider the extremal case. We show that the extremal branes have 
marginal modes of any wave-length and that these modes can be recovered by taking the 
4 Note that this also resolves the contradiction found in the numerical investigations of Ref. \M\ . 
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extremal limit of the GL mode of charged smeared branes. This means that when an 
extremal smeared brane is perturbed in such a way that it becomes non-BPS the resulting 
brane background becomes unstable. Furthermore, for any marginal perturbation of the 
extremal smeared branes one can find a corresponding non-BPS continuation. 

We return to the CSC in Section El where we give the appropriate definition of the 
grand canonical ensemble in the near-extremal case. We then show that, in this ensemble, 
near-extremal branes are thermodynamically unstable. Together with the explicit con- 
struction of the unstable mode for near-extremal branes in Section |1J this confirms the 
validity of the CSC in this case as well. 

We conclude with a short summary and some open questions in Section [Tj Two appen- 
dices are also included. In Appendix we present the differential equations determining 
the neutral GL mode. In Appendix[B]we provide the details of the off-shell two-parameter 
family of black brane backgrounds that is essential for the proof of the CSC for smeared 
branes in Section 03 

2 Preliminaries 

In this section we review how the non- and near-extremal smeared Dp-branes can be 
obtained from the neutral black string by using the boost/U-duality map, and the near- 
extremal limit. For later use throughout the paper, we also review the main results on 
the thermodynamics of these branes. 

2.1 Non-and near extremal smeared branes from boost/U-duality 

We begin by recalling how one obtains the non-extremal smeared Dp-brane solution of 
type II string theory from the uniform black string solution in pure gravity, by applying 
a sequence of transformations including a boost and U-dualities. 5 

The starting point is the metric of the uniform black string in 10 — p dimensions: 

ds * = _ fdt 2 + dz 2 + f -l dr 2 + r 2 dQ 2_ p f = 1 _ (21) 

By adding p + 1 flat directions, this solution is trivially uplifted to a solution of eleven- 
dimensional (super)gravity 

p 

ds 2 n = -fdt 2 + dz 2 + r l dr 2 + r 2 dn 2 _ p + ^ dxf + dy 2 . (2.2) 

i=i 

Here, the coordinates Xi are used for p flat directions and y for the one that will be taken 
to be the eleventh direction when reducing from M-theory to type IIA string theory. The 

5 This method of "charging up" neutral solutions was originally conceived in 32 where it was used to 
obtain black p-branes from neutral black holes. 
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a > , (2.3) 



metric (|2.2|) is thus a vacuum solution of M-theory. Performing a Lorentz-boost in the 
y-direction 

(cosh a sinh a \ / i id 
sinh a cosh a J \ y id 
and dropping the label 'new' gives the boosted metric 

c?s 11 = (—/cosh a + sinh a) dt + 2(1 — /) cosh a sinha c/tdj/ 

p (2.4) 
+ (-/ sinh 2 a + cosh 2 a) dy 2 + <iz 2 + f~ l dr 2 + r 2 dfl 2 ^ p + ^(dxi) 2 . 

i=l 

Since we have an isometry in the y-direction we can now make an S-duality in the y- 
direction to obtain a solution of type IIA string theory. This gives a non-extremal DO- 
brane solution of type IIA string theory which is uniformly smeared along the W +1 space 
parameterized by Xj and z. With a T-duality transformation on each of the p directions 
Xi, we deduce the solution for a non-extremal Dp-bran e smeared along the z-direction, 

/ v \ 



ds 2 = R- 112 y-fdt 2 + dx iJ + Rl ' 2 {f^dr 2 + dz 2 + r 2 dfl 2 7 _ p ) 
H = l+ , e 2 * = , A i... P = coth a (H' 1 - 1) 



(2.5) 



written in the string frame. The function f(r) is given in (|2.1j) . One can also use further 
U-dualities to obtain the backgrounds for smeared Fl-strings and NS5-branes, but we 
choose to focus on D-branes in this paper. 

By one further T-duality in the transverse z-direction, we can relate the Dp-brane 
smeared on a circle to that of a D(p + l)-brane wrapped on the T-dual circle. Since this 
T-duality is important for defining the near-extremal limit and computing quantities in the 
dual gauge theories of near-extremal Dp-branes smeared on a transverse circle, we give the 
relevant T-duality relations here. Assuming that the coordinate z in (|2.5j) is compactified 
on a circle of circumference L, i.e. z ~ z + L, and denoting the string coupling by g s , 
we find that the circumference L of the T-dual circle (on which the D(p + l)-brane is 
wrapped) and the T-dual string coupling g s are related by 

2ttI 

Li = (2nl s ) 2 , g s = g s ^- , (2.6) 

where l s is the string length. Introducing the gauge theory quantities yy M = (27r) p_1 y s /f ~ 2 
and A = gy M N for the (p+ l)-dimensional supersymmetric Yang- Mills compactified on a 
spatial circle, it also follows that we have the relation 

rl~ p cosh a sinh a = Kl 2 ^ , K = A ( 27r ) 7 " 2p . r 2 .7) 

(6 - p)ih-p 

Another useful definition is the following 

LV^ 7 _p 1 2 (6-p) 1 _ (0 ^\2p-9 7 T/ o (0 9\ 
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where we used the T-duality and gauge theory relations given above along with the defi- 
nition WttG = (2ir) 7 g 2 l^. 

Near-extremal limit 

We define the near-extremal limit as 

T Z — 

l s -> , u = -J , z = -2 , gvM, L fixed , (2.9) 

where (r, z) are the coordinates appearing in the non-extremal background (|2.5|) . Using 
this limit, the resulting solution for near-extremal smeared Dp-branes is 

p 

l- 2 ds 2 = H'^i-fdt 2 + dxj) + H l / 2 (f- x du 2 + dz 2 + u 2 dn 2 7 ^ p ) , 

i=i _ (2.10) 

** = & 5 *, A Ql .., = H-\ H = JL., f = l- ^, 

where if is defined in l|2.7|l . 

The classical and local thermodynamic stability of the non- and near-extremal Dp- 
brane backgrounds given above is the main object of our investigation in this paper. The 
boost/U-duality transformation and the near-extremal limit described above will prove 
very useful in this context. 

We recall here that the sequence of boost and U-duality transformations reviewed 
above can be equally well applied to other solutions of pure gravity with a compact circle 
direction. In particular, in Ref. [2U] this map is discussed in great detail, and applied to 
both black holes on cylinders and non-uniform black strings, generating non- and near- 
extremal black branes that are either localized on a transverse circle or non-uniformly 
distributed on the circle. 

2.2 Thermodynamics of non- and near-extremal smeared branes 

We now review some important results on the thermodynamics of the non- and near- 
extremal smeared Dp-branes obtained above. 

The thermodynamics of the non-extremal Dp-branes (|2.5|) smeared on a transverse 
circle of circumference L, is given by 



T = TovrG Vpr ® P i 7 ~P + ( 6 ~P) smh2 Q ] ' f = ^ n Jtt~G VpT ° P COsh 01 
— "' P :V p r^~ p (6 — p) sinh a cosh a , T=- — - — — — , z^ = tanha. 



(2.11) 



L 16vrG ' u v r ' ' 4vrr cosha 

where V p is the world- volume of the brane. Here the extensive quantities, M/L, Q/L 
and S/L correspond respectively to the mass density, charge density and entropy density 
along the transverse z direction. T is the temperature and v the chemical potential. These 
quantities satisfy the usual first law of thermodynamics dM = SdT + vdQ. 
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Correspondingly, the thermodynamic quantities of near-extremal Dp-branes (|2,1U|) are 
given by 

1 e- p 8-p 4vr a 1/2 6-p(u^ p \ 1/2 

Here, -E is the energy above extremality defined by E = lim(M — Q) in the near-extremal 
limit (|2.9|) . while K and £?, defined in (|2.7|) . (|2.8f) are finite in the limit. The quantities in 
(|2.12jl satisfy the usual first law of thermodynamics dE = SdT. 

Canonical and grand canonical ensemble 

In what follows, we will make extensive use of both the canonical as well as grand canonical 
ensemble, so we briefly review the definition of these ensembles here. 

In the canonical ensemble, the temperature and charge are kept fixed and the appro- 
priate thermodynamic potential is the Helmholtz free energy 

F(T, Q) = M - TS , dF = -SdT + vdQ . (2.13) 

The condition for thermodynamic stability in the canonical ensemble is 

i.e. positivity of the specific heat Cq. 

In the grand canonical ensemble, the temperature and chemical potential are kept 
fixed, so the appropriate thermodynamic potential is the Gibbs free energy 

G(T,v) = M-TS-vQ , dG = -SdT-Qdu. (2.15) 

The condition for thermodynamic stability in the grand canonical ensemble is 

dM\ ( dv\ 



C ^{W) Q >0 - CS {8q) t >0 - (216) 

where Cq is the specific heat and c is the inverse isothermal electric permittivity. The 
condition (|2.16|) follows from demanding that the Hessian Hq of the Gibbs free energy is 
negative definite. In fact, because of the matrix relation Hq = —H^, where Hm is the 
Hessian of the mass M(S, Q), this is equivalent to demanding that Hm is positive definite, 
as required by local thermodynamic equilibrium. 

Using the thermodynamic quantities for non-extremal branes in ()2.11j) and the defini- 
tions in (|2.16|) one computes in this case 6 



Cq 



7 — p + (8 — p) sinh 2 a 
— 1 + (4 — p) sinh 2 a 



' cosh 2 a [1 — (4 — p) sinh 2 a] TS 



°These expressions are most easily computed using the identity that §f^fyU(r,s) = a(r's) t a^'s) 1 
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With these results and the conditions for thermodynamic stability reviewed above, it is not 
difficult to determine the conditions for thermodynamic stability of non-extremal smeared 
Dp-branes. For p < 3, positivity of the specific heat becomes 

C Q > & a > arcsinh(l/ v / 4-p) , (2.18) 

showing that there is a lower bound on the charge of the branes in order to be thermody- 
namically stable in the canonical ensemble. On the other hand, we have 

c>0 O < a < arcsinh(l/ v / 4 - p) , (2.19) 

which is incommensurate with the condition in Q2.18JI . For p = 4, 5 we have that Cq < 
and c > 0. Hence for any p = 0, 1, 5 it is impossible to satisfy the requirement (|2.16|) 
of thermodynamic stability in the grand canonical ensemble. 

We now turn to the case of near-extremal branes. Since the charge has been sent to 
infinity, there seems to be for this case only one relevant ensemble, namely the canonical 
ensemble. The corresponding Helmholtz potential is given by 

F(T) = E-TS , dF = -SdT , (2.20) 

and thermodynamic stability requires positivity of the specific heat C = dE(T) jdT . From 
the thermodynamics (|2.12j) one easily obtains the simple relation 

8- v 

C = ^ p S, (2.21) 

As a check, the same result is obtained by taking the near-extremal limit (a — > oo) of the 
expression Q2.17JI for Cq. For any non-zero temperature, the specific heat is thus positive 
for near-extremal smeared Dp-branes when p < 3, which is a well-known result. 

Since in the near-extremal limit the charge goes to infinity and the chemical potential 
goes to one, it seems that these quantities cannot be varied anymore. This suggests 
that it does not make sense to consider the grand canonical ensemble for near-extremal 
branes. Moreover, one could consider what happens to the quantity c in ()2.17|) when 
taking the near-extremal limit. Since a — > oo in the near-extremal limit, we clearly have 
that c — > in the limit. This would seem to imply that, infinitesimally close to the 
near-extremal limit, non-extremal branes are marginally thermodynamically stable in the 
grand canonical ensemble. As we will see below when we consider the correlated stability 
conjecture, which relates classical and thermodynamic stability, this fact implies a puzzle 
in view of the fact that near-extremal branes are classically unstable. However, in Section 
El we will demonstrate that there is a natural resolution of this apparent violation of the 
CSC. 

T-duality 

Finally we have a few remarks on the effect of the T-duality along the z-direction (see 
Section r2.1|) on the thermodynamics. Under this transformation the thermodynamic quan- 
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tities and (|2.12|) for non- and near-extremal branes are invariant. Thus, the ther- 

modynamics of a Dp-brane smeared on a circle is identical to that of a D(p + l)-brane 
wrapped on the T-dual circle. Despite this fact, in the next section we will see that when 
applying the CSC there is a qualitative distinction between the two cases. 

3 The correlated stability conjecture for charged branes 
3.1 Formulation of the conjecture 

In Ej Gubser and Mitra put forward an intriguing conjecture that relates classical 
and thermodynamic instabilities in gravitational systems. The precise form of this con- 
jecture states that a gravitational system with a non-compact symmetry (e.g. a black 
brane with non-compact worldvolume) is classically stable, if and only if, it is locally 
thermodynamically stable. For a system with n conserved charges Qi this criterion of 
local thermodynamic stability translates (after the appropriate choice of ensemble) into a 
positivity criterion for the (n + 1) x (n + 1) Hessian matrix Hm = (gf-gf - )) which involves 
the second derivatives of the mass M with respect to the entropy S and the charges Qi. 
A partial proof of this conjecture has been given by Reall in 9, , who considered the case 
of magnetically charged black branes. However, a general proof of the conjecture is yet to 
be found. 

Before even applying the CSC one should first make the appropriate choice of thermo- 
dynamic ensemble. This choice is important, because it affects crucially the discussion of 
local thermodynamic stability and ultimately the validity of the conjecture as such. The 
usual practice is to consider gravity in the canonical ensemble, where the temperature 
T is kept fixed and the partition function of the system is expressed as a function of T. 
In general situations with an arbitrary number of charges Qi, however, the choice of the 
ensemble is not always obvious and part of the conjecture should involve a clear statement 
that singles out the right choice. In what follows, we attempt to illuminate this point for 
a large class of smeared or unsmeared, magnetically or electrically charged black branes. 

To be more concrete, consider a generic (non-extremal) black Dp-brane solution in 
type II string theory. By {zi} let us denote the set of non-compact directions, along which 
the brane exhibits translational symmetry. This solution may be charged electrically 
or magnetically under a (p + l)-form gauge field, with a corresponding charge Q p . An 
electrically charged brane will be called smeared along Z{ , whenever it is not charged along 
this direction. For magnetically charged branes, we follow the opposite convention and 
call the brane smeared along Z{, whenever it is charged along ZiJ In principle, the choice 
of thermodynamic ensemble depends crucially on whether we treat Q p as a parameter that 
has been fixed or as a parameter that can vary freely. 

In the first case, we consider the system in the canonical ensemble, where the partition 
7 This definition is also very natural for D3-branes which are self-dual under electric-magnetic duality. 
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function depends on the temperature and the fixed charge. As explained in Section 12 .21 in 
that case local thermodynamic stability requires the positivity of the specific heat 1)2.14(1 . 
The situation is slightly different, when the charge is allowed to vary freely. Then, we keep 
the corresponding chemical potential v fixed and discuss local thermodynamic stability in 
the grand canonical ensemble. In this ensemble the partition function depends on v and 
the temperature T and the Hessian of the mass is positive definite precisely when 1)2.16(1 
is satisfied. 

The proposal is that thermodynamic computations should be done in the grand canon- 
ical ensemble with respect to the charge Q, when the branes are smeared along at least 
one of the directions {z{\. The opposite should be true when the brane is not smeared 
in any of the directions {z{\. Note that this statement applies equally well to electrically 
or magnetically charged branes. Indeed, any sensible formulation of the CSC should be 
invariant under the electric-magnetic duality. 

As a simple illustration, consider a non-extremal DO-brane solution smeared on a 
transverse direction z in the type IIA theory. The corresponding supergravity solution in 
the string frame takes the form 



The DO-brane charge Q is smeared along the z-direction in this example and as a result it 
can be redistributed there freely. Hence, it is appropriate to consider local thermodynamic 
stability in the grand canonical ensemble, where Q is allowed to vary. 

With a T-duality transformation along z the background ()3.1|) turns into the Dl-brane 
solution 



The Dl-brane is now charged along the z-direction and the corresponding charge is a 
fixed quantity. Accordingly, we should now consider local thermodynamic stability in the 
canonical ensemble. 

As another example consider the D0-D2 bound state )151 1161 IT7] . In this system, the 
DO-brane is fully embedded inside the D2-brane and smeared along its two transverse 
directions inside the worldvolume of the D2-brane. Then, according to the previous dis- 
cussion, the CSC should be applied in the grandcanonical ensemble with respect to the 
charge Qo of the DO-brane, but in the canonical ensemble with respect to the charge Q2 
of the D2-brane. 

The above choice of thermodynamics fits very nicely with the classical stability proper- 
ties of these solutions. As we see explicitly in later sections, the smeared DO-branes exhibit 




(3.1) 



ds 2 = H- 1 ! 2 [ - fdt 2 + dz 2 j + H 1 ' 2 (f^dr 2 + r 2 dn 2 7 
e 20 = H , A 0z = coth aiH" 1 - 1) . 



) 



(3.2) 
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a GL instability, which persists even in the near-extremal limit. The thermodynamic in- 
stability arises naturally in the grand canonical ensemble, but is absent in the canonical 
ensemble above some critical value of the charge where the specific heat is strictly positive 
(see eq. (|2.18[> ). The Dl-branes, on the other hand, are known to be stable in supergravity 
for large enough charges. This feature is captured correctly by the local thermodynamic 
stability analysis in the canonical ensemble. 

More generally, it is well-known in thermodynamics that one can move back and forth 
between the canonical and grand canonical ensembles with the appropriate Legendre trans- 
form. Here we see that within the context of the CSC it is natural to associate a Legendre 
transform with a T-duality transformation in supergravity. The appearance of the Legen- 
dre transform is an essential feature of supergravity that treats momentum and winding 
modes asymmetrically. In the full string theory, where momentum and winding are ex- 
changed by T-duality the Legendre transform would be unnecessary. A momentum insta- 
bility for a smeared brane would transform under T-duality into a winding instability for 
a wrapping brane. 8 

3.2 The CSC for smeared branes 

It is interesting to consider the proof of the CSC for smeared black branes in the grand 
canonical ensemble. This is a first step towards the extension of the proof of [Sj in more 
general situations, where besides the mass one can also vary an additional set of charges. 

More specifically, consider the case of a non-extremal smeared Dp-brane on a transverse 
direction z, given in Eqs. H2.5|) . In order to address the relation between classical stability 
and thermodynamics we repeat the basic elements of the argument that appears in |2j (we 
refer the reader to that paper for a more detailed description). In a nutshell, one has to 
show the following facts (see also the recent discussion in |17|): 

(a) Demonstrate the existence of an appropriate family of Euclidean backgrounds for 
which the Euclidean action (relative to flat space) takes the form 

I(x, y; 0, v) = (3{E(x, y) - vQ(x, y)) - S{x, y) . (3.3) 

The generic point in this family is an off-shell background, which does not satisfy 
the Einstein equations of motion, but satisfies the appropriate Hamiltonian con- 
straints. In the present case, we consider a two-parameter family of backgrounds 
parameterized by two variables, x and y. This should be contrasted to the un- 
smeared case analyzed in 9 , where the corresponding family is one-dimensional. In 
(j3.3|) (3 is the inverse temperature and v the chemical potential. For some value of 
(x, y) = (x(T, v),y(T, v)) the background becomes an exact solution of the equations 
of motion. At this point the parameters E, S and Q are precisely the energy, entropy 
8 Similar statements on this point appeared in |16|. 
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and charge of the corresponding black brane. For other values of (x,y) the inter- 
pretation of the functions E, S and Q is not important. An explicit construction of 
this two-parameter family will be discussed in a moment. 

(6) Verify that the norm of the on-shell perturbations on the space of theories is positive. 
This ensures that the analysis is restricted to normalizable on-shell perturbations 
excluding any non-physical negative-norm conformal perturbations. The precise 
form of the norm is related to the Lichnerowicz operator and can be defined as 
follows. For compactness, let us denote the field perturbations collectively by ty 1 . 
I is in general a multi-index label and the fields VP J may include scalar, metric and 
gauge field perturbations. The ansatz for a static GL mode is VP = Re(^ e tkz ) and 
the norm ||V^|| 2 = f d^xijj 1 Gijtp J on the space of perturbations is defined through 
the metric Qij. This metric appears in the linearized equations of motion in the 
following way 

One must check that HV^H 2 is positive definite. This will ensure that the action / 
decreases, and therefore an instability exists, precisely when the Hessian s ^i s ^j fails 
to be positive definite. Indeed, for quadratic perturbations 



AI= l -f d d xd d x'^ (x) — : j ^(xf) + ) = -^l^lp + O^ 3 ) . (3.5) 

(c) A final point, which was emphasized also in |17j . is the following. One should 
demonstrate that there is sufficient overlap between the off-shell deformations (x, y) 
of point (a) and the actual on-shell perturbations ip 1 . In it was pointed out that 
a path in the family of off-shell geometries is not related directly to an eigenfunction 
of the Lichnerowicz operator, but rather some linear combination of eigenfunctions. 
This suggests that when the action decreases along this path, at least one of the 
eigenvalues of the Lichnerowicz operator must be negative and therefore an actual 
on-shell instability should exist. It is not immediately obvious, however, that the 
converse is also true. To complete the proof one should demonstrate that the off-shell 
deformations and the actual on-shell perturbations cover the same linear space. 

Before addressing each of the above points in the case of the smeared Dp-branes (j2.5|) 
it will be useful to recall how the above points facilitate the connection between the 
thermodynamics and the classical stability analysis. First of all, since the black branes 
(|2.5|) are actual solutions of the Einstein equations of motion they extremize the action / 
at special points (x(T, is),y(T, v)) of the two-parameter family. This implies the vanishing 
of the first derivatives 

9x) T °' (dy) T °' ^ 
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or equivalently the standard equations 
'SAT 



dS 



(x,y)=(x(T,u),y(T,u)) 



8M\ 

dQj. 



(x,y)=(x(T,u),y(T,u)) 



(3.7) 



The quadratic perturbation of the action / along the surface parameterized by (x, y) 
involves the Hessian matrix 



f &I_ d 2 I \ 

dx 2 dxdy 

d 2 i sn_ 

V dxdy dy 2 I 



( dT dv_\ 

dx dx 
dT dv 
\dy dy J 



(fdS\ 
\dT) v 

dS s 



\\d 



T 



dQ 
dT 
dQ 



dV Jrp/ 



\ ( dT dv\ 

dx dx 
dT dv 
dy dy j 



(3.8) 



which can be re-written more compactly as a matrix equation 

{I(2))ab = -M a a (H G ) a pM^ . 



(3.9) 



In this expression M" is the Jacobian of the transformation from the variables (x, y) to 
(T, v) and Hq is the Hessian of the Gibbs free energy. Assuming M to be an invertible 
matrix, equation ()3.9|) allows for a direct connection between classical stability and local 
thermodynamic stability. Indeed, given the validity of points (b) and (c) above, classical 
stability requires L 2 ) to have positive eigenvalues and through (|3.9|) this requirement 
translates to Hq being negative definite. We have already argued that this is equivalent 
to the conditions l|2.16j) . 

We now proceed to demonstrate points (a)-(c) above. The first point (a) requires the 
construction of a two-parameter family of Euclidean backgrounds for smeared Dp-branes 
that satisfies ()3.3|) . The detailed construction appears in Appendix FBI and boils down 
to the following facts. One can show that there is at least one two-parameter family 
of Euclidean backgrounds satisfying all the Hamiltonian constraints. These constraints 
include the vanishing of the Hamiltonian, the vanishing of ten momenta and the Gauss 
constraint. The requirement (|3.3f) is an automatic consequence of the validity of these 
constraints |331 134j . The explicit form of the family arises from the general spherically 
symmetric ansatz 



ds 2 = U(r)dr 2 + F- X (r)dr 2 + S(r) (j2 dx i + dz2 ) + ^( r )^ 2 ^ 

^ i=l ' 
F(p+2) = F(r)dt A dr A dx\ A • • • A dx p , 



2 

7-p ' 



(3.10) 



#(r)V 



in the following way. The functions U, V, S, R, H and F have to be chosen so that the 
Hamiltonian constraints are satisfied and so that for specific points in the family we get 
the on-shell solutions (|2.5|) in the Einstein frame. In addition, certain boundary conditions 
must be imposed. As usual for gravity in the canonical ensemble, boundary conditions 
are imposed at an asymptotic boundary at r = r#, where the Euclidean time direction is 
compactified at a radius j3 = 1/T. The functions U(r) and V(r) are both vanishing at the 
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horizon r = rg and the relation between rg and T follows from the condition of regularity 
at r = ro, which in general takes the form 

VU'(r )V'(r ) = j . (3.11) 

The two-parameter family of Appendix[B]is based on the special ansatz 

S(r) = R(r), V(r) = -H(r)^ E U(r) , F(r) = a H(r)^ S{r) p - 4 r p ~ r , (3.12) 

where a is some integration constant that can be fixed by imposing the appropriate bound- 
ary conditions. With this ansatz one can satisfy the Hamiltonian constraints by suitably 
expressing the functions U, V, R and F in terms of H and S, which remain free. This gives 
rise to a two-parameter family of black brane backgrounds controlled by the free func- 
tions H and S. In this manner, the family appearing in Appendix [B] is a generalization 
of the one-parameter family of Euclidean geometries presented in P], following previous 
work in Refs. |35l I36j . In [5] one could satisfy the Hamiltonian constraints with a set 
of backgrounds depending on one free function, here we can satisfy them with two free 
functions. 

The choice of the functions H and S is arbitrary up to certain boundary conditions. 
For the metric they are as follows. First, we keep the boundary conditions at the boundary 
r = rs invariant. This gives a single temperature T for the whole family. Also, to keep the 
topology invariant the functions U and V continue to vanish at r = tq and by regularity 
at r = tq we demand that their derivatives satisfy (|3.11|) . For r > tq, U(r) should remain 
positive. Similarly for the gauge field, in order to obtain a family with a single chemical 
potential v, we want to keep the value of the gauge field at r = tq fixed. Since we can 
satisfy all of these conditions on the actual on-shell solutions (|2.5|) . we can also satisfy 
them for the above off-shell family, at least infinitesimally close to the on-shell points. 
This is enough for the purpose of proving the CSC. 9 

Note that we can deduce a completely different off-shell family of Euclidean black 
branes by applying the boost/U-duality procedure of Section |2~T1 on an eleven-dimensional 
neutral off-shell family of the same form as in [UJ. There are several problems with such a 
family. First of all, it would be a one-parameter family, since we start with a one-parameter 
family in eleven dimensions. Secondly, it would not satisfy all the Hamiltonian constraints 
of type II supergravity, but only part of them - more precisely, a linear combination of the 
Gauss constraint and the Hamiltonian. This fact alone would be enough to show that this 
family has the property (|3.3|) . 10 but this would not be fully satisfactory for the purposes 
of the CSC proof. 

9 Similar statements apply to smeared black branes in the near-extremal limit. 

10 To demonstrate !).'-{. 3|l we need to show that the Hamiltonian of the system receives contributions from 
boundary terms only. This is true for the off-shell family coming from the boost/U-duality procedure, 
because the Hamiltonian receives only boundary contributions in eleven dimensions. This continues to 
hold through the boost/U-duality procedure. Indeed, the specific family is time-independent and hence 
the Hamiltonian is proportional to the Lagrangian, which is U-duality invariant. 



15 



The boost/U-duality procedure is much more useful in demonstrating the second point 
(b). The actual form of the on-shell perturbations will be discussed in the next section, but 
we are already in position to argue in favor of the validity of (6). From the GL analysis it 
is clear that the norm of the on-shell perturbations in eleven dimensions is positive. The 
norm is clearly invariant under rotations and boosts and should remain positive under 
U-duality, which is of course a symmetry of the theory. Thus, the positivity of the norm 
is guaranteed. 

The final point (c) is slightly more subtle. Even in the unsmeared case of [Hj this is a 
point that has not been shown rigorously. We do not have anything new to add on this 
point for the present case of smeared Dp-branes, but in general it is natural to expect that 
there will be sufficient overlap between the eigenfunctions of the Lichnerowicz operator 
and the family of off-shell deformations for systems that are specified uniquely by the 
full set of conserved charges. For example, systems with scalar hair do not fall into this 
category. This crucial point was put forward in a very recent paper by Friess, Gubser and 
Mitra |18j . who found explicit counter-examples to the CSC. In the context of the proof 
outlined in the present paper, it is clear that in these examples the validity of point (c) 
breaks down. 

Comments on the general proof of the CSC 

The correlated stability conjecture is expected to hold for more general gravitational sys- 
tems with n chemical potentials Vi and n conjugate charges Qi (n is an arbitrary positive 
integer). The basic elements of Reall's proof in this general case have been sketched 
recently in 17 and are a straightforward generalization of the points (a), (6) and (c) 
appearing above. More specifically, in the grand canonical ensemble one has to show the 
existence of an (n + l)-parameter family of off-shell deformations with Euclidean action 

n 

I(xi, ...,x n+1 ;P,u 1 , . .. ,u n ) = 0E(xi, ...,x n+1 )-S(xi, x n+1 ) -/3 y^i/jQj(xi, ...,x n+1 ) . 

3=1 

(3.13) 

and then verify the validity of the points (b) and (c) above. 

As mentioned in Section al! more general examples involving bound states of the form 
D(p — 2)-Dp, Fl-Dp and D(p — 4)-Dp have been discussed recently in ^3 ^3 The 
choice of ensemble in these cases is determined by the criteria presented above. 

The CSC in the presence of compact directions 

We would like to conclude this section with a few words about the validity of the CSC in 
the presence of compact directions. Clearly, this is a situation where the CSC is expected 
to break down. This can be seen explicitly, for example, in neutral uniform black strings 
on a transverse circle (|2.1|) . The specific heat of the uniform branch is always negative 
and local thermodynamic stability would suggest the presence of a classical instability for 
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black strings of any mass. Instead, the explicit classical stability analysis by Gregory and 
Laflamme (see below) exhibits a marginally stable threshold mode at a specific critical GL 
mass ugl and a classical instability below the critical mass. The uniform solution is stable 
above [Igl- It is not difficult to see what goes wrong with the CSC proof of [§] in this case. 
The arguments based on thermodynamics predict the existence of a negative eigenvalue 
mode ip 1 for the dimensionally reduced Lichnerowicz operator, but the actual static GL 
mode is ty 1 = Refy 1 e lkz ). For a transverse circle parameterized by z the momentum k 
is quantized in integer multiples of 2n/L (L being the circumference of the S 1 ) and the 
static mode can exist only at specific values of the ratio vq/L (see (|2.1|) for the definition 
of ro), or equivalently at specific values of the mass. The moral of this example is the 
following. In general, one has to fit the GL static mode into the compact directions and 
this is not automatic. Despite this complication, there is still some practical value in the 
CSC in the presence of compact directions. Although it does not fix the precise value of 
the critical point, it predicts that a static mode exists whenever it can fit into the compact 
directions. It is in this spirit that we use the CSC later on in the context of non-extremal 
and near-extremal branes smeared on a transverse circle. 



4 The Gregory-Laflamme mode for smeared branes 

In this section we show that the boost/U-duality transformation reviewed in Section [2.11 
can be used to transform the time-dependent unstable mode of a neutral black string, found 
by Gregory and Laflamme, to a time-dependent unstable mode of non- and near-extremal 
smeared Dp-branes. As explained below, this section relies crucially on an argument of 

4.1 Neutral black strings 

As discovered by Gregory and Laflamme [HE], the black string in (10 — p)-dimensional 
Minkowski-space (|2.1|) is classically unstable under linear perturbations g^ u + h^ iu of the 
form 

„ r fnt kz\ „ I 

= Re ^ exp h % — ) Pnu } , 

I \ r o r oJ J (4.1) 

Ptt = ~flp , Ptr = r] , P rr = f~\ , ^sphere = r 2 K , 

where if), rj, x an d k are functions for which the perturbation h^ v solves the linearized 
Einstein equations. Note that we define ip, rj, x an d k to be functions of the parameter 
x = rk/ro, which is well defined under the near-extremal and extremal limits in the charged 
case below. The gauge conditions on h^ u are the tracelessness condition (|A.3|) and the 
transversality conditions (jA.4|) . The Einstein equations reduce to the four independent 
equations (|A.5|I - (|A.8|I that appear in Appendix EJ 

Combining the gauge conditions with the linearized Einstein equations of motion one 
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Figure 1: The Gregory-Laflamme Q(k) curve in D + 1 = 10 — p dimensions. Reprinted 
from Ref. 0. 

can derive a single second order differential equation on ip 

i/i"{x) + Q p (x)ij'{x) + V p {x)^{x) = . (4.2) 

The explicit form of the p-dependent rational functions Q p (x) and V p (x) appears in Ap- 
pendix^J This equation depends only on k, Q and the variable x. Then one gets a curve 
of the possible values of f2 and k for which this equation has a solution. We plot a sketch of 
this curve found numerically in [21 E] in Figure 14.11 Notice that the well-known threshold 
GL mode appears at the critical value k = k c for which 17 = 0. 

4.2 Non-extremal smeared Dp-branes 

In Section fe.ll we reviewed the boost /U-duality transformation of [2H| that takes a neutral 
black string to a Dp-brane solution smeared on a transverse direction. In this section we 
describe the transformation that takes the unstable GL mode of the neutral black string 
to an unstable mode of the non-extremal Dp-brane solution smeared on a transverse circle. 

The transformation should convert the neutral black string solution (|2.2|) to the smeared 
Dp-brane solution (|2.5|) . If we try naively to apply the boost/U-duality transformation 
reviewed in Section 12.11 to the GL mode (|4.1j) we find a non-normalizable exponential 
dependence on y (the critical CclSG k — k^ is an exception). As was pointed out in |22j . 
to avoid this problem we may consider a complex metric perturbation, and try to find a 
complex transformation that i) Gets rid of the exponential y dependence, ii) Still has the 
same effect on the zeroth order part of the metric, i.e. on the neutral black string metric. 
At the end one can take the real part of the transformed perturbation. Note that this last 
step works only because of the linearity of the perturbed Einstein equations of motion. 

The precise form of the transformation we look is as follows. First define the coordi- 
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nates y and z' by the following complex rotation of the y and z coordinates 



V 

z 



M 



y 



M 



coshu; — ismhw 
i sinh w cosh w 



(4.3) 



Notice that the neutral black string metric Q2.2|) embedded in eleven dimensional gravity 
is invariant under Q4.3|) since (dy') 2 + (dz) 2 = dy 2 + dz 2 . The transformation (|4.3[) is then 
supplemented by a boost that takes the (t, y') coordinates to the (t, y) coordinates given 
by 



(!)- 

These rotations are such that 



A 



, A 



cosh a sinh a 
sinh a cosh a 



n n 

sinh w = — tanh a , k = k cosh w , fl = — - — 
k cosh a 



(4.4) 



(4.5) 



Then we can write the real part of the boosted perturbation of the eleven dimensional 
metric (|2.4|) as 



( fit kz \ ~ 
hau = Re < exp h i — Pnv 

\ V ro r v . 

Using the relation P = A~ 1 M _1 P(M" 1 ) T (A -1 ) T we find 



(4.6) 



-ftp cosh a , P, 



/■0sinh a , Pt v = ftp sinh a cosh a 



Ptr = i] cosh a , P % 



yr 



-?7sinha , P rr = f 1 X, P s 



(4.7) 



sphere 



r K 



where we have made the relabellings t —* t and y — > y. Notice that the complex rotation 
H4.3|) precisely ensures that the exponential factor does not have a y-dependence. We 
can therefore apply the same U-duality transformations on (|4.6|) - ()4.7[) as on the boosted 
neutral black string. After these U-duality transformations, consisting of one S-duality 
and p T-dualities, we conclude that the perturbed non-extremal Dp-brane smeared on a 
transverse direction can be written as 11 

p 

-f c dt 2 + ^2 dx 2 + 27? cosh aSdtdr 



ds 2 = H- 1 ' 2 
+H}' 2 



i=l 

f-\l + X £ )dr 2 + dz 2 + r 2 (l + K£)dfl 2 7 _ p ] , 

-H~ l rjs\T\hoi£- , 



/ = 1 



e 20 = H (3- P )/2 j Aqi p = ^0(^-1 _ i) > A rl ... p -- 

6— p 

F = l + sinh 2 a(l-/) , f c = f(l + ^S), H c = 1 + sinh 2 a(l - f c ) , 



£ = cos ( fcr x z ) exp ( f2r x t ) . 



(4.8) 



xl As usual, in the special case of D3-branes the gauge field strength is self dual, so that we have 
F 5 = (<L4 4 + *dA 4 )/v / 2- 
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The perturbed Dp-brane background appears here in one compact expression. From this 
one can easily deduce the explicit form of the perturbation by expanding to first order. 
The unstable mode appearing in [22] is equivalent to (|4,8|) for p = 0, though written in a 
different gauge. 

Note that the functions ip, rj, x an d « are still solutions to Eqs. ()A.5|) - (jA.8|) with / 
given by (jA.2|) . In particular ip is a solution of Eq. (|4.2[) . All of these functions depend on 
the variable x = rk/ry just as in the case of the neutral black string perturbation. 

Furthermore, we see from (|4.5p that k 2 = k 2 + f2 2 tanh 2 a: and = 0/ cosh a. Hence, 
we can obtain as function of k by using the functional dependence Q(k) for the neutral 
black string (as sketched for p = 0, ...,5 in Figure l4~Tj) . We note that the critical point 
(k,fl) = (£; c ,0) is mapped to the critical point (k,Cl) = (k c ,0), which corresponds to the 
marginal mode of the Dp-brane with a transverse direction. This marginal mode appears at 
the origin of the non-uniform phase of non-extremal Dp-branes with a transverse direction 
|2f)j . From Figure l4~T1 we also deduce that k < k c for any k < k c and the function Q(k) 
never exhibits time-dependent modes with wavelength smaller than the critical one. 

The existence of the perturbation (|4.8|) proves explicitly that a non-extremal Dp-brane 
with a transverse flat direction is always unstable as a gravitational background. This 
result meshes nicely with the unstable thermodynamics in (|2.18|) . (|2.19j) and confirms the 
validity of the CSC if we consider it in the grand canonical ensemble. In contrast to 
this, a D(p + l)-brane wrapped on the T-dual z-circle is known to be classically stable in 
supergravity close to extremality. This fact is in agreement with the CSC if we consider 
it in the canonical ensemble (see (|2.18|l ). 

4.3 Near-extremal limit 

We now consider the near-extremal limit (|2.9|) of the unstable mode 1)4.8(1 for non-extremal 
Dp-branes with a transverse direction. The near-extremal limit of the unperturbed non- 
extremal solutions (|2.5|) has been discussed already in Section [2 giving the near-extremal 
Dp-brane background (|2.1U|) . 

Applying the limit (|2.9|) on the background (|4.8|) gives the following perturbation of 
the near-extremal Dp-brane (|2.1U|) 

p 

-f c dt 2 + dx 2 + 2r/^/Ku p /2 ~ 3 £dtdu 



i=i 



l~ 2 ds 2 = H- 1 ' 2 

+Hl /2 f-\l + x£)du 2 + dz 2 + u 2 (l + K£)dtt 2 7 _ p , 
e ^ = h?- p )/2 > Am p = £-1 t Arl p = - u *-P K -V 2 ul' 2 -\£ , (4.9) 



v 6 ~ p - K 

/ = / c = /(l + ^), H, 



u 6 ~ p 



£ = cos (Vk 2 + n 2 -pj exp (u ' p K-^ 2 nt\ 
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We note that the near-extremal limit (|2.9|) keeps k and f2 fixed, and moreover keeps tp, rj, 
X and k fixed as functions of the variable x which is now given by 

uk 

x = — . (4.10) 
u 



Therefore, the functions if), i], \ and k are still solutions of the Eqs. ()A.5|) - ()A.8|) with / 
given by (|A.2|) . In particular ip is still a solution of Eq. (|4.2() . 

We have thus shown that the near-extremal limit of the time-dependent mode of 
smeared branes is well-defined and hence that near-extremal smeared Dp-branes are clas- 
sically unstable. Then according to the CSC this means that near-extremal Dp-branes 
should be thermodynamically unstable in the grand canonical ensemble. However, as 
noted in Section \'2.2\ we do not have a priori a definition of this ensemble for near-extremal 
branes, since it seems that the charge cannot vary anymore. We will resolve this puzzle in 
Section where we will show that there does exist an appropriate definition of this ensem- 
ble in the near-extremal limit. We will see that in this ensemble near-extremal smeared 
Dp-branes are indeed thermodynamically unstable, in accordance with the above result 
and the CSC. 

5 Connection to marginal modes of extremal smeared branes 

In this section we find a connection between the GL mode of charged smeared branes 
described in Section and the marginal modes of extremal smeared branes. 

5.1 Marginal modes for extremal smeared branes 

In general, the solutions for extremal Dp-branes distributed along a single flat direction z 
is given as 

ds 2 = H- 1 / 2 (-dt 2 + dx2 i] + H 1 ' 2 ( dr2 + dz2 + r2 d^h P ) , 

V i=i / ' (5-1) 

e 2<t> = H (3- P )/2 p = H -l_ li 

where the harmonic function H (r, z) obeys 

d 2 T + 7 -^8 r + 8 2 ) H(r, z)=0, (5.2) 



away from the source distribution. Given the appropriate boundary conditions the general 
solution is 

H(r, ,) - 1 + £ ^ (r . 2 + ( /_ ( :? y2)(7 _ rt/2 , (5.3) 

where the charge distribution function p(z) is arbitrary. Now, the extremal smeared Dp- 
brane case corresponds obviously to p being constant. But, it is clearly possible to add to 
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the constant charge distribution a single mode of any wave-number q, in which case the 
harmonic function takes the form 

Kl*~ 2p 

H = 1 -\ h m{qr) cos (qz) , (5-4) 

where K is defined in ()2.7j) and the function m(qr) solves 

7 — p 

m (y) H m (y) — m(y) = . (5-5) 

V 

The solutions of Eq. 1)5.5)) are of the form m(y) oc y~^~ p '^ !C^ p y2(y) j ^s(y) being the 
modified Bessel function of the second kind. The modes given by ()5.4|) are marginal in 
the sense that the modified solution solves the supergravity equations. In this sense the 
extremal smeared branes have marginal modes of any wave-length. 

It is interesting to consider what happens to such marginal modes if one perturbs 
the extremal brane so that it gets a temperature. This is one of the things which we 
address in Section 15.21 Clearly from the study of non-extremal Dp-branes distributed on 
transverse directions, one does not expect the existence of static solutions for any charge 
distribution p{z). 12 This is one example where gravity behaves vastly different from, say, 
electromagnetism where solutions with arbitrary charge distributions exist, although most 
of them are not stable when interactions are taken into account. 

Since we shall explore in the following a connection with near-extremal branes, we 
need to consider briefly the near-horizon limit ()2.9I) of the extremal Dp-brane background 
given by ()5.1j) and ()5.4)) . This gives 

l~ 2 ds 2 = H- 1 ' 2 i-dt 2 + dx i] + H 1 ' 2 (du 2 + dz 2 + u 2 dtf 7 _ p ) , 

\ i=i / ' (5.6) 

e 24> = £(3-p)/2 ; Aqi p = h~ 1 , H= — + m (qu) cos(qz) . 

Note that the function m(qu) has been rescaled appropriately, and that m(y) still obeys 
Eq. (|5~5l . 

5.2 Extremal limit of the Gregory-Laflamme perturbation 

In this section we consider the extremal limit of the GL mode for near-extremal smeared 

Dp-branes, as found in Section 14. IS! As we see in a moment, this gives a connection 

between the marginal modes of extremal smeared branes considered in Section 15.11 and 

the GL modes of near-extremal smeared branes. 

Let us take the extremal limit of the perturbation of near-extremal Dp-branes smeared 

on a transverse direction, as given by ()4.9j) . The extremal limit corresponds to uq — » 

12 In fact one only knows the case of the uniform distribution where p is constant and the case of the 
localized distribution where p = c^ ngz 5(z — nl) with c a constant and I a length. These corresponds to 
the uniform and localized phase of non-extremal branes on a circle |20|. 
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with u and K kept fixed. We first remark that since we want the argument of the cosine 
factor to remain finite, we need Vk 2 + £l 2 /uq to stay finite in the limit. Hence, we need 
k/uo and 0,/uq to remain fixed in the limit uq — * 0. In terms of the dispersion diagram of 
Figure BTl this means that we move closer and closer to the point (k,Q) = (0,0) on the 
left part of the curve. We see that the variable x = uk/uo defined above stays finite in the 
limit. Note also that this limit necessarily has the consequence that the time-dependent 
exponential factor in 8 in ()4.9|) disappears. One can now see from H c in (J4.9|) that we need 
iP(x)/uq~ p to stay finite. By using this in Eqs. (|A.3|I - (|A.8|) and demanding consistency 
of this system of equations, we get similar conditions on rj, x an d ft, so that in total the 
extremal limit is given as 

■ , k U ib(x) ri(x) y(x) k(x) . „ . „. 

n - with u , K , - , - , ^ , 4^ , ^ , kept fixed . (5.7) 

Applying the extremal limit (|5.7fl to the perturbed near-extremal solution given in (|4.9|) . 
we get the following background 



l~ 2 ds 2 = H- 1 ' 2 



p 

2 



dt 2 + y^^dx 



1=1 



+ 



H}' 2 



L c 



du 2 + dz 2 + u 2 dfl 2 _ p 



< "■■ ■ ^oi-p — fl c i n c — u& _ p u e-p ' I 5 - 8 ) 



/ Vk 2 + n 2 \ 

t = cos z 

\ u J 

We see that out of the four functions tp, rj, x an d « making up the near-extremal GL mode 
only tp survives. Moreover, the equation (|4,2j) for ip(x) becomes 

^'( x ) + 7 —l^( x ) + = o . (5.9) 

We deduce that the background (|5.8|) precisely corresponds to the background ()5.6|) de- 
scribing a extremal smeared Dp-brane perturbed by a marginal mode with the wave- 
number 

Vk 2 + n 2 

q = . 5.10 

Uq 

In particular, one can check explicitly that the ip equation (|5.9|) turns into Eq. (|5.5j) by 
identifying m(qu) = ip{ku/uo). This means that the extremal limit of the GL mode 
becomes stable as also observed for unsmeared black branes in Ref. jllj . 

It is easy to see that we can get marginal modes of any wave-number. For small k we 
have Q = jk, where 7 is an appropriate number. Therefore, q = yl-f j 2 k/uQ, and by 
choosing k/uo we can get any value of q that we want. We have thus shown that in the 
extremal limit the GL modes of the near-extremal smeared branes precisely become the 
marginal modes of extremal smeared branes. This answers the question posed in Section 
15.11 of what happens to a marginal mode of an extremal smeared brane when perturbing 
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the background so that it turns non-BPS: The mode will turn into the near-extremal GL 
mode (|4.9|) . Obviously, this has the consequence that the brane background is classically 
unstable and it will therefore decay. 

Moreover, one can imagine having a charge distribution of the form 

P = Po + }. ) Pn cos(q n z) , (5.11) 

where p n are small compared to p^. When we make a non-BPS perturbation this solution 
involves a sum over GL modes which is of the form 

K u = Y,h$(u) C os(q n z)exp(—P}==q n t) , (5.12) 

for uq being small. In this way we can find a non-BPS continuation of any extremal pertur- 
bation of the extremal smeared branes, since we can fourier decompose the perturbation 
and put it in the form (j5.11|) . 

It is important to note that the connection between the marginal modes of extremal 
smeared branes and the GL modes of near-extremal branes easily generalizes to a con- 
nection with GL modes of non-extremal branes. We choose for convenience here only to 
consider the connection to near-extremal branes. 

The physical consequence of the connection between marginal modes of the extremal 
smeared branes and the GL mode of the non- and near-extremal smeared branes is that 
extremal smeared branes are in a sense arbitrarily close to being unstable. Therefore, if 
one imagined a practical application of extremal smeared branes one would run into the 
problem that any disturbance of the background which is non-BPS would cause the whole 
background to destabilize and decay. Also, this feature of extremal smeared branes makes 
it very unlikely that they form in any cosmologic scenario, even though they are stable by 
themselves. 



6 The CSC for near-extremal branes 

In this section, we return to the puzzle alluded to at the end of Section 12.21 and further 
commented on at the end of Section fOl We have seen in Section [Ql by applying boost/U- 
duality and the near-extremal limit, that near-extremal smeared branes are classically 
unstable. According to the CSC this classical instability should be related to thermody- 
namic instability in the grand canonical ensemble, when taking the near-extremal limit. 
On the other hand, we observed in Section 12.21 that in the near-extremal limit we have 
Cq > and c = for near-extremal smeared branes, suggesting marginal thermodynamic 
stability. This seems to be in contradiction with the CSC. 

The resolution of the puzzle is that in the near-extremal limit one should not compute 
the quantity c using the non-extremal chemical potential u, but using a new chemical po- 
tential which can be understood roughly as the "chemical potential above extremality" . 
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This is in analogy to the fact that we do not compute Cq using the mass M (which goes 
to infinity in the near-extremal limit), but using the energy E above extremality, which is 
finite. 

To derive the expression for z>, we note that the first law of thermodynamics for non- 
extremal branes takes the form 

dE = TdS + (v - l)dQ , (6.1) 

when written in terms of E = M — Q. Moreover, one can easily see from Q2.11JI . that the 
chemical potential v approaches 1 in the near-extremal limit a — > oo, and is not a free 
parameter anymore. It is therefore natural to define the rescaled chemical potential v and 
the corresponding rescaled charge Q as 

v = -g— lim 74(1/ - 1) , Q = 5ym I™ AQ » (6-2) 

where the factor of l s has been chosen such that v is finite in the near-extremal limit. The 
finite factor gy M has been inserted for later convenience. With the definitions (|6.2|) . we 
then find that (|6.1f) can be written as 

dE = TdS + vdQ , (6.3) 

which is a well-defined differential relation in the near-extremal limit. We have thus ob- 
tained a new version of the first law of thermodynamics for near-extremal branes involving 
an extra term containing the rescaled chemical potential v and rescaled charge Q. 

In further detail, using the non-extremal quantities (|2.11|) and the near-extremal limit 
(|2.9|) in the definitions Q6.2JI we find for near-extremal smeared Dp-branes the expressions 

where K and Q are defined in (|2~7|) . (|2~H|) . 

The near-extremal Gibbs free energy is then naturally defined by G(T, u) = E — TS — 
uQ, and the condition for thermodynamic stability of near-extremal smeared branes in 
the grand canonical ensemble follows immediately by analogy with ()2.16|) . namely 

Computing these quantities for near-extremal smeared Dp-branes, we find that the quan- 
tity Cq is identical to the one computed in (|2.21|) . On the other hand, for c we find using 
()6.4|) and Q2.12j) after some algebra that 13 

n 6— p 

Un (6.6) 



g\ M K*{A-p){S-p) ' 



13 One can compute c directly from the near-extremal thermodynamics using c — g^ T ^ [ q^ q ' ^ ] ~ 1 ■ 
Alternatively, one can show from J(i.2t that c = limZj 8 j^c. We obtain the same result by using in this 
expression the non-extremal relation l|2.17|l for c and then taking the near-extremal limit. 
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which is finite and negative for p < 3. As a consequence we find that near-extremal 
smeared Dp-branes with p < 3 are thermodynamically unstable in the near-extremal 
grand canonical ensemble defined above, in agreement with the classical stability analysis 
and the CSC. 

Interpretation in the dual gauge theory 

Using (|2,7() . (|2,8j) in (j(j.4j) we can express and Q in gauge theory variables. The result is 

These quantities have a natural interpretation in the dual gauge theory. In the presence 
of the spatial circle the gauge theory possesses a non-trivial spatial Wilson loop. Q is 
naturally related to the number of eigenvalues of this operator and v is the corresponding 
chemical potential. Hence, the GL instabilities that we found previously within super- 
gravity translate in gauge theory into a new set of phase transitions parametrized by the 
Wilson loop around the spatial circle. A recent discussion of these transitions in 0+1 and 
1+1 dimensions appeared in s22_ both at weak and strong coupling. 

In the present work we have seen that a near-extremal Dp-brane smeared on a trans- 
verse circle exhibits a momentum mode instability when the radius of the circle becomes 
sufficiently large. The smeared Dp-brane is T-dual to a D(p + l)-brane on which the dual 
gauge theory lives. In the T-dual picture the near-extremal T)(p + l)-brane exhibits a 
winding mode instability along a longitudinal circle when the T-dual radius is sufficiently 
small. From the string theory point of view the condensation of the unstable winding 
mode will be a dynamical process from the usual D(p + l)-brane phase to a non-trivial 
D(p + l)-brane phase which is T-dual to the localized phase of the Dp-brane. 

We can examine what this means on the gauge theory side. For example when con- 
sidering smeared D2-branes, the above picture suggests that by perturbing N = 4 D = 4 
SYM on a spatial circle for small temperatures with a particular type of relevant oper- 
ator the theory destabilizes and eventually settles down to a phase in which it behaves 
approximately as the 2+1 dimensional SYM theory obtained by dimensional reduction 
of the N = 4 D = 4 SYM theory. Similar statements apply to gauge theories on the 
world-volume of other Dp-branes. It would be interesting to examine this type of process 
more closely. 



7 Conclusions 

In this paper we considered non-extremal and near-extremal Dp-branes smeared on a 
transverse direction. These branes exhibit GL instabilities, which can be obtained most 
easily from GL instabilities of neutral branes by a suitable boost/U-duality map. We 
showed explicitly that the unstable modes persist in the near-extremal limit and reduce 
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to the more standard marginal modes of the extremal smeared branes, when we further 
take the extremal limit. This picture meshes nicely with the picture suggested by a local 
thermodynamic stability analysis when we apply the correlated stability conjecture in the 
grandcanonical ensemble. As we saw, a natural definition of such an ensemble exists also 
in the near-extremal limit. Moreover, for this class of smeared Dp-branes we provided a 
proof of the CSC by extending previous arguments of Reall 

There is a number of further interesting issues related to the above circle of ideas. One 
of them has to do per se with the CSC. So far, there has been no general and complete 
proof of this conjecture. It would be interesting to generalize the arguments presented 
here to a wider class of systems, for example to systems of bound states. In general, the 
CSC appears to be such a natural conjecture that one may wonder whether it is possible 
to find a proof based on a more universal argument (see [37] for work in this direction) . 
In cases where the CSC is violated |18| it would be interesting to examine possible ways 
in which it can be restricted or revised accordingly. 

In this note we treated standard unstable GL modes with non-vanishing momentum 
and zero winding. A T-duality transformation converts the smeared brane into a wrapped 
brane. In string theory, the wrapping brane continues to be unstable, but now the unstable 
mode has non-vanishing winding. The winding state in question is expected to become 
tachyonic when the (T-dual) radius is smaller than the critical value. It would be very 
interesting to explore situations in string theory where the presence and dynamics of this 
mode can be analyzed explicitly. 14 

Because of the AdS/CFT correspondence each of the above phenomena has some 
counterpart in the dual gauge theory. In particular, the GL instabilities translate into a 
new set of phase transitions with order parameters associated to the Wilson loops around 
the non-trivial cycles of the spacetime of the gauge theory. For a recent examination of 
this type of transitions in 0+1 and 1+1 dimensions see |221 14()j . The rescaled "charge" Q 
is naturally related to the number of eigenvalues of the spatial Wilson loop observables 
mentioned just above and the near-extremal quantity v is just the corresponding chemical 
potential. In gravity the phase transition to a localized phase is a dynamical process from 
a black string phase to a black hole phase. It would be interesting to obtain a better 
understanding of the dynamics of this process in gauge theory. 
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A The Gregory-Laflamme mode 



We consider here the GL instability j2J y] for the metric (|2.1jl corresponding to a uniform 
black string in 10— p dimensions. 15 The instability is given by the metric perturbation hnv 
in the sense that g^ v + h^ v is the black string metric plus perturbation. The perturbation 
h^ v appears in (|4.1j) . In (|4.1|) -ip, r], x and k are all functions of the variable 

rk 



(A.l) 



and this is the variable that we take derivatives with respect to. The function / is given 
in terms of x by 



/ = 1 



k 6-p 
X 6 ~P 



The tracelessness conditions are 



The transversality condition is 



(7 -p)k + x + i> = o . 



i) + (6 -p)(l -f)v + f ((7 - p)rj + xr/) = 







-2-x V + (6 - p)(l - /)( X - V) + 2/ ((8 - p) X + V + a*0 = . 
The four independent Einstein equations take the form 



n 



k 



k 
+f 



-i> + (6 - p)(l - /)r? + -/ 2 ((7 - pW + x<) 



IT 

2(7 - p)r? - x^ + 2xr/ + A(6 -p)(l - /)(- x ' + tf) 



(A.2) 
(A.3) 

(A.4) 



(A.5) 



-(6-p)(l-/)x^(x + </>)+2/ 



x^((8 - p)x + V" + a?(x' + ^0) + r / a;2 

K 



0, (A.6) 



x 



+/ 



n 2 \ n 



-2x 2 -r/' + (6 - p)(l - /)x( X ' - VO + a;/ ((9 - p)x' + W + x X ") 



(A.7) 



. 



f 



</>( - x 2 + 2(6 - p)(l - /)) + X ( - ^ 2 + 2(8 - p)(6 - p)(l - /)) 



-2(7 - p)x^r/ + (6 - p)(l - /)x(x' + VO 



+ / 2 



2(8-p)(6-p) X 



(A. 



+2(6 - p)ij} + x(3(7 - p)x' + (7 - p)^' + x(x" + ip")) 



M 2 



■<"—(x + i>) = ° • 



A: 2 



Combining the gauge conditions (|A.3|) - (|A.4|) with the Einstein equations (|A.5|) - (|A.8|1 one 
can derive Eq. Q4.2|) which is a second order differential equation for tp of the form 



i>"{x) + Qp(x)il/(x) + V p {x)^{x) = . 



(A.c 



5 See gT] 0H1 E2 for related work on this. 
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Qp and V p are p-dependent rational functions of x, which we summarize here for com- 
pleteness 

Q p (x) = /- 1 x- 1 [/ 3 A; 4 (372 - 64p + 3p 2 ) + ft 2 (fc 2 (p - 6) 2 -4ft 2 ) 
+A; 2 / 2 (fc 2 (44 + Ap - 2p 2 ) + 3(p - 14)(3p - 22)ft 2 ) 
-k 2 f(k 2 (p - 6) 2 + 2(292 - 78p + 5p 2 )ft 2 )] 1 

x A; 4 / 4 (-108 + 124p - 21p 2 + p 3 ) - 3(p - 6)ft 2 (fc 2 (p - 6) 2 - 4ft 2 ) 
+k 2 f 2 (k 2 (p - 6)(-62 + 5p + p 2 ) + ft 2 (11152 - 4680p + 656p 2 - 31p 3 )) 
+k 2 f(k 2 (2828 - 964p + 106p 2 - 4p 3 ) + ft 2 (-2412 + 1120p - 165p 2 + 8p 3 )) 
f(2k i (p - 6) 3 + A: 2 ft 2 (p - 6)(1126 - 341p + 26p 2 ) + 4(11 - 2p)ft 4 )j , (A.10) 



V p (x) 



k- 2 r 2 X - 2 fk 4 (372 - Up + 3p 2 ) + n 2 (k 2 (p - 6) 2 - 4ft 2 ) 
+A; 2 / 2 (A; 2 (44 + Ap - 2p 2 ) + 3(p - 14)(3p - 22)ft 2 ) 
-k 2 f(k 2 (p - 6) 2 + 2(292 - 78p + 5p 2 )ft 2 ) 

x - 2k e f(p - 8) 2 (p - 6) 2 + k 4 f 4 (k 2 (8880 - 110p 3 + Ap 4 - 372x 2 
-3p 2 (-378 + x 2 ) +p(-5188 + 64x 2 )) - (p - 6) 2 (p - 8)(-26 + 7p)ft 2 ) 
-2A; 4 / 3 (/c 2 (1956 - 26p 3 + p A + 22x 2 + 2p(-577 + x 2 ) - p 2 (-258 + x 2 )) 
+(-8448 + 206p 3 - 9p 4 + 708x 2 +p(6340 - 144x 2 ) + p 2 (-1734 + 7x 2 ))ft 2 ) 
+2fk 2 n 2 (k 2 (p - 6) 2 (-10 - Ap + p 2 + x 2 ) + (-84 + 606x 2 + p(26 - 178a; 2 ) 
+p 2 ("2 + 13x 2 ))ft 2 ) + n 2 (k 4 (p - 6) 4 - k 2 (p - 6) 2 (-2 + 7x 2 )ft 2 + 4x 2 ft 4 ) 
+k 2 f 2 (k 4 (p - 6) 2 (-10 + 2p + x 2 ) - 2/c 2 (4992 - 151p 3 + 7p 4 - 294x 2 



-6p 2 (-199 



■ p(-4072 + 84x 2 ))ft 2 + (96 - 1332x 2 + p 2 (2 - 19x 2 



+4p(-7 + 80x 2 ))ft 4 ) 



(A.ll) 



B An off-shell two- parameter family of black branes 

In Section|21 we described a generalization of the proof of the correlated stability conjecture 
by adapting the analysis of (Hj to the case of (smeared) black Dp-branes in the grand 
canonical ensemble. Part of the argument involved the construction of an (off-shell) two- 
parameter family of Euclidean black branes. In this appendix we consider this construction 
in detail. 

According to the discussion in Section |3] we need to construct a family of black-brane 
backgrounds with the property (|3.3|) . The backgrounds of this family do not, in general, 
satisfy the equations of motion of general relativity, but they should satisfy the Hamilto- 
nian constraint equations. This is a special subset of the full equations of motion. For pure 
gravity these constraints can be found, for example, in Eqs. (10.2.28), (10.2.30) of |43j . 
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Our case involves a system of gravity coupled to a dilaton scalar field and a (p + 2)-form 
gauge field strength. In the Einstein frame the action for this system is 

where a = 2=2 There are two Hamiltonian constraints for this system. 16 They are 

(B.2) 

The first constraint sets the total Hamiltonian to zero and the second is the Gauss con- 
straint for the gauge field. 

Assuming spherical symmetry let us write the generic point in the family as a back- 
ground of the form 



ds 2 = U(r)dT 2 + V- l {r)dr 2 + S{r) ( ^ dxj + dzA + R( 

^ i=l ' 
e 2<t> = ff(r) 2 ? , -F(p +2 ) = F(r)dt A dr A dx x A • • • A dx p . 



• (B.4, 



The functions U,V, S, R, H and F should be such that the constraints ()B.2|) . ()B..S|) are 
satisfied. Moreover, the family should include the on-shell smeared Dp-branes ()2.5|l (trans- 
formed to the Einstein frame), for which 

U(r) = H{r)- 7 -r f( r ) , V(r) = H(r)-*tr f(r) , S{r) = R(r) = ^(r) 2 ^ , 

JlTTt \ — 1\ 6— p 6— p \B.5) 

F(r) = cotha { ^ ) , /(r) = 1 - ^ , ^(r) = 1 + sinha^ , 

in the Einstein frame. 

It is straightforward to plug the ansatz (|B.4() into the Hamiltonian constraints HB,2j) . 
(|B.3|1 to get a pair of non-linear (second order and first order) differential equations for the 
functions U, V, S, R, H and F. These complicated equations can be simplified considerably 
with the following ansatz 

S(r) = R(r) , V(r) = -i?(r) 2 4 £ [/(r) , (B.6) 



which is naturally suggested by the on-shell background ()B.5|) . Then, one can solve easily 
the first order differential equation that comes from the Gauss constraint (|B.3|) to obtain 
the function F(r) as a functional of the still arbitrary functions H{r) and S(r). The 
resulting expression is 

F(r) = aH{r) P ^r S{r)P- 4 r p ~ 7 . (B.7) 



16 There are also ten momentum constraints, which will be trivially satisfied by the time-independent 
family that will be considered in a moment. We will not discuss them in detail here. 
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Here a is an integration constant that will be fixed appropriately below. Plugging this ex- 
pression back into the differential equation that originates from (|B.2jl gives the differential 
equation 

U'(r)+P[H,S](r)U(r)+Q[H,S}(r) =0 , (B.8) 

where ' denotes differentiation with respect to r and P[H, S], Q[H,S] are the following 
functionals of the still arbitrary functions H and S 



P[H,S] 



Q[H,S] 



(lnA)"-i((lnA)') 2 + ^(lntf)" 



(3-P) 2 
64 



((In H)') 



P+i 

4 



7-p 



2\V\ 2 



((ln(5r 2 )) 



i(lnA)' + ^(lntf)' 



(7 - p )(6 - p)S- 1 H s ^r- 2 + a 2 ^^H (J ^^SV- l0 r 2 ^) 



2(p+2)!" 



(B.9) 



i(lnA)' + V( ln ^)' 



The functional A [if, 5] is defined by the equation 

A[H, S] = S 8 r 2i7 ~ p) . (B.10) 

Equation ()B.8|) can be solved with standard methods to obtain the function U (r) in terms 
of H(r) and S(r). The solution is 

-J r P[H,S](t)dtf 



U{r) 



j\rpiH,s](t)dt Q[H ^ s]{s)ds + b ^ (B11) 



where 6 is again an integration constant. 

This analysis shows that it is possible to construct an off-shell two-parameter fam- 
ily of smeared black Dp-branes that are spherically symmetric and respect the Hamilto- 
nian constraints. The family is expressed in terms of two free functions H(r) and S(r) 
(compare this to the magnetically charged unsmeared case of [§], where one considers a 
one-parameter family expressed in terms of one free function). The only restrictions that 
should be applied to the functions H and S are certain boundary conditions at the horizon 
and boundary at infinity, which are explained in the main text. The integration constants 
a and b above are fixed by these boundary conditions. 
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